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Abstract

We prove new upper bounds for the covering radii p(n) and pg(n) of
the first order Reed-Muller code R(1,n). Although these bounds be ac-
tually theoretical, they improve the classical Helleseth-Klgve-Mykkeltveit
(H.K.M.) bound 2"~ — 2371,

Keywords

Boolean functions, covering radius, balanced covering radius, Walsh and
Fourier transforms, non-linearity, Reed-Muller codes.

1 Introduction

This paper investigates the covering radius p(n) and the balanced covering ra-
dius pg(n) for Boolean functions in dimension n. From Rothaus [1], the covering
radius is known for even dimension n, contrary to the balanced covering radius
which is unknown for n > 8. In odd dimension, the exact values of both p(n)
and pg(n) are unknown, except a finite number of small dimensions n = 3,5,7
where p(n) = pg(n) = 271 — 2”7, From H.K.M. [2], for odd or even n, we
know that

p(n) < 2n—1 _ 2%—1. (
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We prove new theoretical bounds b(n) and bg(n) such that for even n, pg(n)
bp(n) < 2" 1 —2371 -2 and for odd n, p(n) < b(n) < |27 2371 pg(n)
bp(n) < 2771 —2371].
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2 Preliminaries: Basic Définitions and Notation

In this paper, the finite field (Z/2Z, &, .) with its additive and multiplicative laws
will be denoted by Fo and the Fy—algebra of Boolean functions in n variables
will be denoted by F = F(F5,F2).

For f € F and a € Fy, recall that f~!(a) is the set defined by f~1(a) =
{u e F3| f(u) = a}.

We will use #F to denote the number of elements of the set F.

A function f € F is called balanced if #f~1(0) = #f~(1) =271

The Hamming distance between f and g defined by # (f & g)_1 (1) will be
denoted by d(f, g).

Wy (a) is the Walsh spectrum of f € F to a point

a = (ag,-..,an—1) € F} defined by

Wi(a) = Y fla)(=1)=>">. (2)

zeF}

In this formula, the sum on the right is calculated in Z, and < a,z >=
oo P ... ® ap_1T,—1 is the scalar product on Fj.
In the sequel, 62 is the Kronecker’s symbol, and we will use the notation

Wi(a) = 2"7165 — Wy(a). (3)

A
Between Walsh and Fourier transforms we have the relation 2W7 = f.
Each f € F verifies the important Parseval’s relation

> (Wi(a))? =220, (4)

acF}

|z| denotes the absolute value of the real number z, and |x] the integer
max{n € N|n < z}.

For each integer i € [0,2" ], we will have to consider the sets Wi |71(i) =
a € B3 Wi (@) = .

The affine function defined by f(x) =< a,z > @\, with o, € F} and
A € Fy, will be denoted by I, & A.

The distance defined by . mi&lerd(f, la B A), between f € Fand the affine

€F,
functions set, will be denoted by 6(f).
It is easy to prove that §(f) = 2"~ ! — né%x\W}‘ (a)].
a€F;j

The integer max 6(f) will be denoted by p(n). In the theory of error-
€

correcting codes [3], p(n) is called the covering radius of the first order Reed-
Muller code R(1,n) of length 2.
The integer ; hax 6(f) will be denoted by pg(n) and will be called the

balanced
balanced covering radius in dimension n. Of course, we have pg(n) < p(n).
A function f € F will be called mazimally nonlinear (resp. extremal bal-
anced) if 6(f) = p(n) (resp. 6(f) = pg(n)). When n is even, bent functions



[1],[3], [4] are defined as boolean functions f having uniform Walsh spectrum
Wi(a)| = 2571 for each a € F3. For even n, it is easy to prove that f is
maximally nonlinear if and only if f is bent.

The subset of F containing all the maximally nonlinear (resp. extremal
balanced) functions will be denoted by C(n) (resp. E(n)).

For a study on related topics, see [5].

3 Theoretical Results

Proposition 1

2

k
92(n—1) _ q;lig#‘wﬂ—l(iq)

2"l _ max
feA

IN

p(n) p
2n — ;#\W}‘I‘l(iq)

with A = {f € C(n)|3(i1,...,ix) € [0,2" )",

i< <, U W ) G FE) (5)

<

Proof. Consider f € F and k integers i1, ..., i such that
0<iy <..<ip<2" " Wedenote B= U [W;[7'(iy).
1<q<k

Rewriting Parseval’s relation (4), we have

22(n=1) — (Wi(a))? 4+ X (Wj(a))? and finally
a€EB a¢B

92(n—1) _ qf:l#'W;'_l(iq) = > (Wi(a))

a¢B
On the other hand, F§ = U #[W}|7'(i), so
0<i<2n—1
k
2" = YHWT ) = X #WETH).
q=1 i¢{i1,...,i}

k
If 27 — ST #|Wi'(iy) #0, i.e. B C Fy, there exists b ¢ B such that
qg=1

k
92(n—1) _ Zl#lw}tlil(iq)
a=

> . Since §(f) <271 — |W75(b)],we obtain

(W;(0))? > ;
2= 5 #IWFI 1)

=

k
22T = 3 #IWFI T ()
=

5(f) <ont— , with this inequality in

k
2n— Y #WE| (i)
q=1

particular true for each f € A. This proves the Proposition.

Observe that this proof, suitably adjusted, is valid when replacing C'(n) by
E(n). Therefore, we have also the below result:



Proposition 2

=

k
92(n—1) _ Zli3#|w}k|—1(iq)
pp(n) < 2" 7' —max =

feB k .
2 = 2 #WFIT (o)
a=
with B = {f € E(n)]3(i1,...,ix) € [0,2" 1",
. - ° *|—17- n
i < .. < Zk’1gggk|wf‘ (iq) C F5} (6)

Proof. The same as Proposition 1. =

Since p(n) = 2"~! — 2%~ for even n, the only unknown values of p(n) are
these for odd n. So, in the sequel, we can suppose n odd, although generally
Proposition 1 implies the following result:

Corollary 3 Let us consider the set I defined by I = [0,2"71] — {221} for
even n, and I = [0,2"~ ] for odd n. We have the following inequalities

1
92(n—1) _ 22#|W*|_1(l) 2
n) < 2"'— max J1
pn) < feC(n),i€I< 2n — F#|Wr|=1(d)
< i S @
(2 — max #W;(0)2

Proof. Consider i € I, and f € C(n). If [W;|7'(i) = F3, we must have
[W¥|(a) = i for each a € F3, and by Parseval’s relation (4) we must have also
2m2 = 22(n=1) Qo 2 = 272 and this contradicts the hypothesis i € I.

Consequently, [WF|~!(i) ¢ F4 and the first inequality results of the Propo-
sition 1 applied for £ =1 and i; = 3.

The second inequality results of

1 1
22(’171>—i2#\Wf|71(i) 2 22(n71)_i2#|W*|71(i) 2
max - s A > max - i A
feC(n)ﬂ'eI( 2= #IWEITHE) = feC(n),i=0 2n— #IWFI1(0)

— max ( 22(7171) )% ( 22(,”,1) 2 .
- on— A F—1(0) = o —
s \BT=HWITTO ) A2 s B0

It is easy to deduce of Proposition 2 the following properties:

Corollary 4 Let us consider the set I defined by I = [0,2"71] — {2271} if n



even, and I = [0,2"~] if n odd. We have the inequalities

1
22(n71) o 22#‘W*|71(Z) 2
n) < 2" '~  max ! -
p(n) < f6E<n),z'eI< 2n — #|Wr[7L(9)
n—1
< 2o I ®)
(2 - max Wy (0))2
Proof. The same as Corollary 3. m
Remark 5 Since 2 >92%! qnd
(2 '~ ax  #W; (0))2
- on—1 — . 2 in,—ll7 we have
(2 - max #W;77(0)2 (2n-1)2
277,71 _ gn—1 — . < 2n71 _ 2%*1and
(2"—fr€nca(>;) #W;7°(0))2
on—1 _ on—!t , < on—1 _ 2”_11
n__ *—1 3 n_1)2 '
(2 max #W;77(0))2 (2r—1)2

4 Upper bounds for p(n) and pg(n)

Theoretical upper bounds on p(n) and pg(n) have been obtained. These bounds
on p(n) are better than the well-known value 2"~! — 2% ~! but very theoretical
and nonconstructive. Using some additional properties, we can prove now new
upper bounds on p(n) and pg(n) that we hope more usable.

As seen previously, the new bounds of corollaries 3 and 4 are formally iden-
tical for C(n) and E(n). So, in the sequel, we denote A(n) the set C(n) (respec-
tively E(n)), and p4(n) the integer p(n) (respectively pg(n)) when A(n) = C(n)
(respectively A(n) = E(n)).

Recall that I = [0,2"71] — {2271} for even n, and I = [0,2"~!] for odd n.

From U |W}|7!(i) = F4 and from Parseval’s relation (4), we have, for

0<i<2n—1
each 7 € I — {0} and for each f € A(n), #[Wf|~'(i) < 2".
Finally, for f € F, we denote J; the set defined by

Jp = {i € - {0} #W;| () < 4%} 9)

Proposition 6 Let us consider f € A(n) forn > 3. If Jp & I — {0}, there
exists at least one integer i € I — Jy, 1 # 0, such that

2 2i(#| W1 (i)}
AW (10)



Proof. If this result was false, there would exist at least one fonction f €

n_o; s =1L
A(n) such that for each i € I — Jf,i # 0, we should have 2 2351;%;:718)2

1. This last inequality implies #[W7|~'(i) < 4i* so i € Jy and we see that
I—JyCJyp. Then weobtain 0 = (I —Jg)NJr DI —Jp)N(I—Jg)=1—Jg
and finally I — J; = () which proves the assertion. m

Remark 7 For f € A(n), consider an integer i € I — J¢,1 # 0. The definition
(9) of Jy implies 2™ > #|W}‘|_1(i) > 442 and consequently 0 < i < 251,

Consider the case A(n) = C(n) for even n. For i € I — {0} and f € A(n), we
have [WF[~'(i) = @ (W} (a)| = 221 for each a € F}) and then #WEH i) =
0 < 442,50 i € J; and finally J; = I — {0}.

Consequently, we see that the hypothesis of the Proposition 6, in the case
A(n) = C(n) with n even, is not satisfied. Is it also true for A(n) = E(n) or
when n is odd 7 We give below two functions for n = 6 and A(n) = E(n) where
the two possible cases are realised. The tables below represent the elements

Case Jy ¢ I —{0}:
The balanced function f € E(6) defined by

00001001011101111011010111000101
11011100011011011000100000011001

is such that W;~1(0) = {0,13,18,31,36,41,54,59} and #W;~'(0) = 8,
#IWEITH2) = 16, #|WF|71(4) = 24, #|[W}|7H(6) = 16, so 2 ¢ J; because
#Wr|71(2) > 4 x 2%,

Case Jp =1 —{0}:
The balanced function f € E(6) defined by

01100001011101111000111101011001
11100111101000110110010000000001

is such that

W;7H(0) = {0,12,14,15,23,26, 34,47, 53, 57, 58,59} and #W;~1(0) = 12,
#W5I71(2) = 14, #[WF[~1(4) = 20, #[WF|~1(6) = 18.

From this, we can suppose that generally, except for n even and A(n) = C(n),
the two cases Jy & I — {0} and Jy = I — {0} are possible for certain functions

f € An).

Now, we have all the necessery elements to prove our principal result.



Theorem 8 Let us consider f € A(n) forn > 3.
If Jy & I —{0}, there exists at least one integer i € I — Jy verifying 0 < i <
221 and #|W}’F|71(i) > 442, such that

pali) <207 = 224 (W @) | (1)

If Jp = I —{0}, we have

22(n—1) — 444
<on—l_ 12
paln) < max <2n W) -

=

0<i<22

Proof. From Proposition 6, if Jy & I — {0} for f € A(n), n > 3, there
exists at least one integer ¢ € I — J¢, i # 0 verifying (10). We have seen in the
Remark 7 that 0 <4 < 2%~ and #[W;|7(i) > 4. Rewriting the inequalities
of Corollaries 3 and 4, we obtain

n)<2" '~ max
paln) < gEA(n),jel

22001 _ 1)\ *
AW )

So, for g = f and j =i € I — J¢,i # 0, the above inequality

22(7171) _ i2#|W*|71(i) 3
n—1 _ f
palr) =2 ( AW

is valid. On the other hand, if we denote B; = #|W7|~'(i), we have also

221 2B, 122 —4i?B;
2n — B; T4 on— B;
1 (20— 2iB}) (27 +2i8})
T g o _ B,

1
2”—21‘13?)
From Proposition (6), the integers i and B; are such that ~——F5—%+ > 1,

and thus 2ne1) ) B
2°n=1) —°B; 1 1 i1
el Al 1L 2'3,2):2"—2 _BZ.

m B, —4( +ab t i

Using the inequality p4(n) <271 — (W

1

1
) * we obtain the first result.



Now, suppose J; = I — {0}. From definition (9), we have B; < 4i? for each
i € I — {0} or equivalently for each i € [1,2% ~![. From Corollaries 3 and 4,

1
paln) < 2! —max (—22(n1) — i2Bi) ’ =

icl 2n — Bl
1
22(n—1) _ '2Bi 2
2"~ —max { max E——_— ,
ieI—{0} 2" — B;

22(n—1) 3
(5=m) !
B; < 4i% for each i € I — {0} implies 22"~V —2B; > 22(*=1) _ 4j* and finally
1
22(7171) — 444\ 2
n) < 2"l max <7)
pA( ) 0§i<2%71 an _ Bz
foreachn > 3. m

From this, we deduce immediately a classification of different possible cases.

Corollary 9 Let us consider f € E(n) (resp. C(n)) for even n > 6, or odd
n>5 (resp. oddn > 3).

*If Jp & I —{0}, there exists at least one even (resp. arbitrary) integer i
verifying 1 <i < 22~ and #WiIH(i) > 44®, such that pg(n) (resp. p(n))

Nf=

< 2 |2 o (W)
< Tl (2n24i?)R (13)

*If Jy = I — {0}, we have the following two cases:
- If there exits at least one even (resp. arbitrary) integer j €
[1,2% [ such that

o — W) *
W) P "
then >
- 92n—2 _ 4j4 2
pp(n) (resp. p(n)) <2 - <2n _ #|W}“\*1(j)
<onml i 7 (15)
(2" — #W;=1(0))2
- If not,
pi(n) (resp. p(n)) < 271 - — 2 (19




6 even or n > 5 odd, and suppose J; & I—{0}.

Proof. Let be f € E(n),n >
= E(n), we have

From Theorem 8 with A(n)

[SIE

1
2

p(n) <271 — |27 4 = (%W} ()
for a certain integer i verifying 0 < i < 25! and #|W5 |~1(4) > 44%.This proves
the first inequality.

Using now the balancedness of f , we have W;(O) = 0, and consequently, it’s
easy to prove that Wi (a) is necessary even for each a € F3. On the other hand,
the integer i is such that #[W7|~'(i) > 4i* > 0 and therefore i is necessary
even because the precedent property implies #|W} |=1(j) = 0 for each odd j.

Let us consider the case Jy = I — {0} and suppose verified the condition
(14) for an integer j € [1,2% ~![. This condition is equivalent to the inequality

22n—2 _ 4]4 22n—2
~ > —.
20 — #WEITHG) © 2r = #WFH0)

Therefore,

22(n71) — 454
max .
o<ic2B 1\ 2" — #[WE[1(0)

1

22n72_4j4 2
> =
2n — #WEI=1()

2n71
(20— #W;=1(0))2

[

>

and combining these inequalities with the inequality (12) of Theorem 8, we
obtain the result (15).

Now, if we have (14) false for each j € [1,25![, as seen previously this
property is equivalent to

22n—2 _ 4]4 22n—2
< —
20 — H#WEITH(G) 2 = #WEH0)

and (16) is again the consequence of the inequality (12) of Theorem (8).
The proof of case f € C(n) is the same as previously. ®

Corollary 10 Let be f € E(n) forn > 5.
If Jp ¢ I —{0} (resp. Jp =1 —{0}), we denote
1

Ty =2""1— {2"‘2 + L (# W6 5] ) resp. T, = 2"_1—# .
2 ( ‘ f| ( )> ( (Q'n,#w}«—l(o))i)

For evenn > 6 (resp. odd n >5), let be bg(n) = |rn] — (|rn] mod2). We
have pg(n) <bg(n) <271 —2371-2 (resp. pg(n) <bp(n) < |27~ 1-2271)).

Proof. Suppose even n > 6 and Jy & I — {0} (resp. Jy = I — {0}).
From Corollary 9 there exists an even integer i € [1,22 [ (resp. j) with



#[W;|71(i) > 4i* such that pg(n) < r,. Because %(#\Wﬂ_l(z))% > 0 (resp.
2" 2H#WH(0) > 0if n > 2), these conditions imply r(n) < 2"~' — 22! and
therefore pg(n) < |r,] <2771 —25~1—1. But pg(n), as 2"+ —23 71 forn > 4,
is always even, so pg(n) < |7,] — (|7 mod2) <271 —23-1 2,

For odd n > 5, we have also pg(n) < r(n) < 27~! — 2%~ but here 27! —
23! is not integer but just a real positive number. Consequently pp(n) <
|7] < 277! —2%2~1| and the Corollary is proved. m

We have the following similar result for p(n).

Corollary 11 Let be f € C(n) for odd n > 3.
If Jp & I —{0} (resp. Jp =1—{0}), we denote
113
Tn = 2n—1_|:2n—2 + K W —1 i §:| resp. Ty, = 2n—1_ on—1 ).
s (#Wi )| (resp Y

Let be b(n) = |r,] — (|rn] mod2). We have p(n) < b(n) < |27~ —2371].

Proof. The same as Corollary 10. m

5 Conclusion

We have obtained theoretical upper bounds (7),(8) on p(n) and pgz(n). Except
the already known p(n) for even n, theses bounds minorate the H.K.M. bound.
In the case where exists f € C(n) or f € E(n), according to Jf & I — {0} or
Jy = I — {0}, new upper bounds b(n),bg(n) deduced from(13), (15) and (16)
have been derived. Although b(n) and bp(n) be actually only theoretical, they
improve the H.K.M. bound. So, in a further work, one may ask how to deduce
from Corollary 9 more explicit results on these new bounds.
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